We consider the family of functions f λ (z) = exp(iλz), λ real. With the help of MATLAB computations, we show f λ has a unique attracting fixed point for several values of λ. We prove there is no attracting periodic orbit of period n ≥ 2.
Introduction
In this note we show the existence and uniqueness of an attracting fixed point for the map f λ (z) = exp(iλz), z ∈ C, for certain (real) values of the parameter λ. The proofs depend on MATLAB calculations, and as such can be viewed as computer-assisted proofs. By contrast, the exponential map z 7 → exp(z) admits no attracting fixed point. ( [2] , see Remark 12)
We began with a MATLAB program in which one inputs a value λ, a point z 0 a positive integer N , and a tolerance . The program outputs f n (z 0 ), where n is the least integer k ≤ N for which
if there is such an n. Here f n (z) is the n−fold iterate of f at z: thus, f 1 (z) = f (z), and f n (z) = f (f n−1 (z)) for n > 1. We experimented with various values of λ and the computations indicated the function f λ had a fixed point inside the circle |z| ≤ 1/|λ| for |λ| ≤ 1.96 (approximately). However in order to prove the existence of a fixed point, one must use a theorem, which usually involves an invariant domain. Since it was not easy to find such a domain, we took another approach, using the Maximum Modulus Theorem. While the analysis is elementary, the computer-assisted proofs have yielded new results.
Suppose that z 0 is an attracting fixed point of the map f (z). Then for z sufficiently close to z 0 , the iterates z, f (z), f 2 (z), . . . converge to z 0 .
Let's begin by stating some facts. Let f be the function f λ . Fact 1. If z 0 is an attracting fixed point of f , then |z 0 | < 1/|λ|.
Conversely, any fixed point in the disk |z| < 1/|λ| is attracting.
Proof. If z = x + iy,
The conclusion is an easy exercise. 2 Fact 3. The region R λ defined by the inequalities
is empty if |λ| ≥ e.
Proof.
1 |λ| log(|λ|) < sgn( λ)y ≤ |z| < 1 |λ| , so log(|λ|) < 1, or |λ| < e. 2 Our first goal was to prove the existence of a fixed point inside the circle |z| = 1/|λ|. We did this using the Maximum Modulus Theorem, or rather a Corollary, called the Minimum Modulus Theorem. Our MATLAB calculations indicated the attracting fixed point should lie in the intersection of |z| ≤ 1/λ with the first quadrant (for λ > 0), denoted Q λ (or simply Q if λ is fixed), so it was in that region we applied the the Minimum Modulus Principle.
A more conventional approach to the existence of a fixed point using, say, the Brouwer Theorem, requires a having region which is mapped into itself by f . But neither
Remark 2. It is enough to determine fixed points of f λ for λ > 0, for
the last equality resulting from the fact the power series has real coefficients. Also, it is an easy observation that z 0 is an attracting fixed point for f −λ iff z 0 is an attracting fixed point for f λ . Notation 1. We use both ' exp(·) ' and 'e · ' to denote the exponential function. Let U be a bounded open set in C, and let f be analytic on U and continuous on the closureŪ. Assume that f never vanishes onŪ . Then the minimum value of |f | onŪ occurs on the boundary, ∂U.
Existence and Uniqueness of the Fixed Point

Theorem 4.
Let λ ∈ R be one of the values 0.1, 0.2, 0.3, . . . , 1.8, 1.9, 1.95, or 1.96. Let Q be the intersection of the first quadrant <z ≥ 0, =z ≥ 0, with the closed disk |z| ≤ 1/λ. Then there exists a fixed point z in the interior Q o of Q for the map f (z) = exp(iλz).
Proof. Our calculations using MATLAB show that
The idea of the proof is to show |z − f (z)| is bounded below along the boundary of Q by some constant which is greater than 10 −6 . Theorem would then assert the existence of a fixed point for f in Q. Writing z = x + iy, for x, y ∈ R we have
Denote the right hand side of the above by g(x, y). We now have to check the values of g(x, y) along the boundaries of Q. We will start with
Since 0 < λ < e we have g(x, 0) ≥ (1 − e −1 ) 2 on 0 ≤ x ≤ e −1 and by (1)) on e −1 ≤ x ≤ λ −1 . Next we check the boundary x = 0, 0 ≤ y ≤ 1/λ:
Finally we need to check the boundary on the quarter circle; it is convenient to convert to polar coordinates
From this we can conclude: suppose λ is in the interval 0 < λ ≤ 1.96. Then for 0 ≤ θ ≤ .741,
And for .741 ≤ θ ≤ We conclude that |g(x, y)| for any λ in the Table, it One might infer from our results that f λ has a attracting fixed point for all values of λ, 0 < λ < λ 0 . But our method of proof can only be applied to finitely many λ.
Remark 6. For θ 0 , λ 0 as in the proof of the theorem, the proof shows that the function f 0 (z) = exp(iλ 0 z) has a fixed point at z = z 0 := λ Table. Then the map f (z) = exp(iλz) has a unique attracting fixed point.
Proof.
Let R be the region in C determined by the two inequalities x 2 + y 2 < 1/λ 2 and y > 1 λ log(λ). The region R is convex, and by Facts 1, 2, and 3 it is nonempty, and contains all attracting fixed points of the map f .
Suppose now that z 1 , z 2 are two distinct fixed points of f . Then z 1 , z 2 lie in R, and if C is a contour joining z 1 and z 2 ,
If C is the straight line contour joining z 1 and z 2 , then C ⊂ R so that |f 0(z)| < 1 for z ∈ C, and since C is compact, max z∈C {|f 0(z)|} < 1.Since length(C) = |z 1 − z 2 | the calculation above implies |z 1 − z 2 | < |z 1 − z 2 |, which is absurd. Thus the fixed point is unique. 2
Remark 9. An alternative, more conventional approach to the existence of a fixed point may be possible using a standard fixed point theorem, such as the Brouwer Theorem. Assume that z 0 satisfies |f (z 0 ) − z 0 | < 10 −6 , and
(where C is the line segment joining z and z 0 ) is valid as long as 10 −6 < 2 δ. A tolerance finer than 10 −6 may be required. We have not carried out these calculations. However, we do not see how the critical value λ 0 could be obtained through this approach.
Attracting Orbits
If z 0 , z 1 , . . . , z n−1 is a set of points satisfying Remark 1.
then z 0 , z 1 , . . . , z n−1 is called an orbit of period n.
Definition 10. Let z 0 , z 1 , . . . , z n−1 be an orbit of period n. It is said to be an attracting orbit if
Let f (z) = exp(iλz), λ > 0, and z 0 , z 1 , . . . , z n−1 a period n orbit, and assume the orbit is attracting. Observe
Similarly, z 2 , . . . , z n−1 , z 0 lie in the circle |z| < 1/λ. Furthermore, it follows from Fact 2 that z k satisfy y k > 1 λ log(λ), where z k = x k + iy k . Thus, z 0 , z 1 , . . . , z n−1 lie in the region R in the complex plane determined by the two inequalities x 2 + y 2 < 1/λ 2 and y > 1 λ log(λ).
Theorem 11. Let 0 6 = λ ∈ R. Then the map f (z) = exp(iλz) does not have any attracting periodic orbit of period n, for n ≥ 2.
Proof. As noted above (cf Remark 2) it is enough to prove the assertion for λ > 0. The proof is in the spirit of the uniqueness proof (Theorem 8).
2
Note our definition of attracting orbit is stronger than the standard definition ( [2] ): |(f n ) 0 (z 0 )| < 1, or equivalently that |f 0 (z 0 ) f 0 (z 1 ) · · · f 0 (z n−1 )| < 1.
Remark 12. Recall that the Julia set of a map f is the closure of the repelling periodic points. It's interesting to note the difference between the maps f λ and the exponential map, z → e z . For the exponential map, it is shown in [2] that the Julia set is all of C. But for the maps f λ (at least for the values of λ in the table), the Julia set is a proper subset: indeed, there is an open neighborhood U of the attracting fixed point, which is invariant under f λ , not containing any other periodic points. Thus, the Julia set of f λ is a proper subset of C.
Of course each f λ has a Julia set which is unbounded, and hence f λ has infinitely many repelling periodic points.
